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1. INTRODUCTION 
Consider the nonlinear Volterra integral equation with delay 
in a Banach space X, where J = [a, co) and I-= C([-r, 01, X), r > 0. If 
l+‘(t, s) is a linear operator generated by a densely defined linear operator 
A (t) then Eq. (1.1) is seen to provide a variation of parameters representation 
of solutions to 
i(f) = A(t) x(t) + .I-(& x,), t E J, 
x, = (0 E r. 
(1.2) 
Versions for the existence of solutions to (1.1) can be found in the papers 
of Fitzgibbon [3], Travis and Webb [S] and Chen [2]. In this paper we shall 
discuss the uniqueness, boundedness and asymptotic behavior of certain 
solutions to (1.1). Carton-Lebrun [ 1 ] has discussed these qualitative 
properties for the integral equation (1.1) with r = 0. Our purpose is to extend 
Carton-Lebrun’s results to the solutions of (1.1) with r > 0. 
2. PRELIMINARIES 
Let X be a Banach space with norm ) . ) and L(X, X) the set of all bounded 
linear operators on X. If E is a Banach space with norm 1 . IE, then by 
C([-r, 01, E) we denote the Banach space of all continuous functions from 
I-r, 01 to E endowed with the supremum norm I/ . &, 1) wllE = 
supcle, -r.o, I w(f$. for y/ E C([-r, 01, E). If u is a continuous function from 
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an interval ]u - r, b), b > o, to E then for any t E [a, b), u, E C( [ -r, 0 1, E) is 
defined by U, = u(t + 0) for 0 E I-r, 01. For our convenience, the norm /I . /Is 
and ]/ . ]IR of the spaces r= C([-r, 01, X) and C([-r, 01, R) (R is the real 
Euclidean space), will be denoted by the same notation // . //. Let U be the 
open ball 
u= ~W~~:Ilvll <Yl, o<y<co, 
where U=f if y= 00. 
A function x: I, = [a - r, b) -+ X is said to be a solution on I, of (1. l), 
u < b < co, if: (i) x is defined and continuous on I,, and (t, x,) E J, X U, 
.I, = ]o, b J, for all t E J,; (ii) for every t E I,, x satisfies (1.1). 
The integral equation (1.1) is considered for v, E U and with the following 
assumptions: 
(Al) W(t, S) E L(X, X) for every (t, s) with u < s < t. 
(A2) For u <s < t, W: (t, s) + W(t,s) is continuous in the strong 
topology of operators. 
(A3) W(u, a) = I, where I is the identity operator. 
(A4) f: (t, w) --) f(t, v) is continuous on J X U to X. 
(B) There exists a continuous function p: J-+ R ’ and a positive m, 
m > 1, such that 
lf(4 w>l < p(t) II Wllrn 
for all (t, w) E J X U. 
(C) There exists a continuous function a: [u - r, co) + Ri and two 
constants K, M such that the following inequalities hold: 
(1) O<cf(t)<Mfor every tE [u--,a~), 
(2) Ka(u) > 1, where K = 1 for m = 1 and K > 1 for m > 1, 
(3) W4 > IW(t~~M0H~Il-’ +if,ll~sllm w(tddWd 
for every t E J, for every v E r and every g: J+ R’ continuous on J, 
satisfying I g(s)] < p(s) whenever s E J. 
3. UNIQUENESS THEOREM 
In order to prove the following uniqueness theorem, Theorem 3.3, we need 
some lemmas. The following lemma is an extension of Lemma 1 in (41. 
LEMMA 3.1. If 
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(1) u(t) is nonnegative and continuous on [u - r, c], c > (3. 
(2) Q(t) is nonnegative and continuous on (CT, co) and .fi Q(s) ds 
exists for every t E (a, co), 
(3) F(v) is a nonnegative, nondecreasing continuous function for v > 0 
and 
i ’ dv/F(v) = Y(6) -0’ 
exists for all c > 0, and 
(4) The function u(t) satisfies 
u(t) = 0 for tE [u-r,u], 
< 
I 
’ @‘(s) F(lI u, ID ds for tE [o,c], 
0 
then for every t E [a, c], 
y(u(t>) < jt Q(s) ds. 
fJ 
ProoJ Define G: [u - r, c] + R by 
G(t) = 0 for tE [u-r,u], 
= 
I 
* Q(s) F(ll usll) ds for tE [a,~]. 
c7 
Then, by hypothesis (4), for every t E [a - r, c] 
44 < G(t). 
This implies II u,II < /I G,IJ = G(t) for every t E [a, c]. And thus 
G(t) = 0 for tE [a-r,u], 
< 
i 
’ Q’(s) F(G(s)) ds for t E [u, c]. 
0 
From this, we can use LaSalle’s lemma [4, Lemma 11 to get 
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for every t E [o, c]. Consequently, for every t E [a, c], 
which is required. 
LEMMA 3.2. Under the hypotheses of Lemma 3.1, if 
i 
* dz/F(z) = co 
‘0’ 
then u(t) = 0 on [a - r, c]. 
This lemma is an immediate result of Lemma 3.1. 
THEOREM 3.3. Let Assumptions (Alt(A4) and (B) be satisfied and 
cp = 0 E IY Then the null solution is the only solution of (1.1). 
Proof Let x(t) be a solution of (1.1) on [a - r, c), c > cr. By assumption 
(A2) and the Banach-Steinhaus Theorem, the norm I/ W(t, s)li is bounded on 
o,<s,<t< T, for every TE [a,~). Let T<c and 
M(T) = sup{11 W(t, s)l/: 0 < s < t < T}. 
Then, for every t E 10, T], 
Ix(t)1 W(T) j’ P(S) I/x,lIm ds. 
0 
From this and the fact that x(r) = 0 on [u - r, a], we can use Lemma 3.2 to 
obtain x(t) = 0 on [u - r, ‘T]. Since T is arbitrary in [u, c), it follows that 
x(t) = 0 for all t E [u - r, c). 
4. ESTIMATES OF SOLUTIONS 
Let U, denote the open ball {v E r : I/ v/I/ < y,] with 
y, I min[K”(‘-“‘m’, Yww’l for m>l, 
= y&.-l for m=l, 
(4.1) 
where y < co and M, K are the positive numbers given by Assumption (C). 
THEOREM 4.1. Suppose Assumptions (Alk(A4), (B) and (C) are 
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satisfied and (o E U,. Then any nonnull solution x(t) on [a - Y, c), 
c7 < c< 00, of(l.1) satisfies 
IW < KaW lIPI (4.2) 
for every t E [a, c). Moreover lim sup,+ Ix(t)1 < y. 
Proof. It is easy to see that y, < y and hence U, c U, indeed Assumption 
(C) implies that 
KM>Ka(a) > 1. 
Let x(t) be a nonnull solution of (1.1) on [O - r, c) with ~1 E U, . And let 
T = sup(t E [u, c) : Ix(s)] < Kor(s) ]]o]] for all s E [u, t] ). Then T> u, since, 
by Assumption (C), 
IeJ>l 6 II v, II < Mu) II (0 I/* 
We wish to show that T = c. Suppose T < c. Then, by the continuity, (4.2) 
holds on [a, T) and 
IxV’>I = ZW7 lld. (4.3) 
From Assumption (B), we have for every t E [a, T] 
If@, xt>l < p(t) Km 11 atllm II P/I” (4.4) 
and hence that 
for every t E [a, T], where 
&>= IbW ll~,/lYX~~~~). 
Inequality (4.4) and Condition (4.1) implies /g(s)] < p(s), for s E [a, T]. 
Therefore, by Assumption (C), for every t E [a, T] 
Ill < WO Ildl 
which contradicts (4.3). This proves that T = c and hence that (4.2) holds 
for every t E [a, c). 
From Inequality (4.2), Assumption (C) and Condition (4.1), it is easy to 
derive the last conclusion. 
COROLLARY 4.2. Let Assumptions (Al )-(A4) and (B) be satisfied. If 
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there exists a continuous function p: [a - r, 00) -+ R ’ and two constants M, , 
L withM,>O,L>Oform>l,O<L<1form=l,suchthatforevery 
tEJ 
(1) II w, a>ll < P(t), 
(2) 0 <P(t><M,, 
(3) !‘b II wk s>ll~(s) llP,ll” ds < WI. 
Then there exists an open ball Ul, of T centered at 0 such that for v, E Vi, 
any nonnull x(t) of (1.1) on (o - r, c) satisj?es 
IXW < CD(t) llvlll 
for every t E [a, c), where C is a constant. 
This corollary is an immediate result of Theorem 4.1, in which we take 
a =/I when m > 1 and take a = (1 - L)-‘o when m = 1. The radius y’, of U; 
is given by y’, = y, when m > 1, and y’, = ~(1 -L)-’ when m = 1. The 
constant C is given by C = 1 + L when m > 1 and C = (1 -L)-’ when 
m= 1. 
COROLLARY 4.3. Let Assumptions (Alt(A4) and (B) be satisfied. rf 
there exist two strictly positive continuous functions h, k on [u - r, a) and 
twoconstantsbandN,N>Oform>1,O<b<1form=l,suchthat 
(1) II w(t, s)ll Q h(t) k(s), for CJ < s < t, 
(2) h(t)<N,foralltEJ, 
(3) t IIW k(s)p(s)ds < b. 
Then the conclusion of Corollary 4.2 still holds with P(t) = h(t) k(o). 
Using Corollary 4.2, the proof of this corollary is straightforward. 
COROLLARY 4.4. Let Assumptions (Al)-(A4) and (B) be satisJied with 
m = 1. Suppose there exist two strictly positive continuous functions h, k on 
[a - r, a~) satisfying the hypothesis (1) of Corollary 4.3 and a constant A, 
,I > 0, such that for every t E J 
h(t) em f llhJp(s) k(s) ds) < k c 0 
then there exists an open ball U; of T, centered at 0, such that, for p E U’, , 
any nonnull solution x(t) of (1.1) on [u - r, c) satisfies 
lx(tI < C II v, II 4) exp (1’ II h,ll k(s)&) ds) (4.5) 
fJ 
for every t E [a, c). 
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Proof: Let ,u be a constant with ,u > 1 and define a continuous function a 
on [c - r, c) to R + by 
44 = h(t) W-7) for t E [o - r, 0) 
= ph(t) k(a) exp (f II h,ll WPW ds) for f E b, 4. 
0 
Then Conditions (1) and (2) in Assumption (C) are satisfied by such a 
function a. By observing that 
lbtll 0 lhll WW~) 
for every t E [c, c), where 
we see that for every t E [c, c) 
w(t, a> w(O) Ilwll-’ + If lla,ll Vf, s)g(s)ds 
‘” 
< W)W) (1 fP 1’ IM wMww~) 
= h(t) k(o)( 1 + ,u(f&) - H(u))) < 4th 
when w E r and g E C(J, X), with /g(s)1 < p(s) for every s E J. Thus 
Assumption (C) is satisfied. Consequently, we can use Theorem 4.1 to obtain 
(4.5). 
5. QUALITATIVE PROPERTIES 
From Theorem 4.1 and its corollaries, some qualitative properties of 
solutions can be derived. 
THEOREM 5.1. Let the assumptions of Theorem 4.1 (or its corollaries 
with rp E U’,) be satisfied. Then 
(i) (Bounded properly) Every solution x(t) of (1.1) on [D - r, c), 
u < c < co, is uniformly bounded. 
(ii) (Asymptotic behavior) Every solution x(t) of (1.1) on [a - r, a~) 
satisfies x(t) = O(a(t)) as t --) 00. 
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(iii) (Continuity of solutions with respect to v, E r at (D = 0.) For every 
F > 0, there is a positive 6 such that whenever )( u, 1) < 6, any solution x(t) of 
(1.1) on [u-r,c), u < c< 03, satisjks 
sup{lx(t)l:tEjo--r,c)}<c 
(iv) For every solution x(t) of (1.1) on [a - r, c), c < co, lim,,,, x(t) 
exists. 
Proo$ Since properties (i)-(iii) are immediate consequence of Theorem 
4.1 and its corollaries, we only prove property (iv). Let r be a number with 
CJ < z < c and (ti)i be an arbitrary increasing sequence such that u < tj < c 
for every i and lim,,, , t. = c. As in the proof of Theorem 3.1, we have for 
every T E J, M(T) = sup{ll W(t, s)ll : u < s < t < T). In view of the inequality 
+ I 1 II w(ti, s> - W(tj, s)ll If(s, Xs)l ds 
+ 2Wc)j” P(S) 11~s Ilm ds + WC) 1 fi p(s) l/~,/l~ ds 1 3 
T f, 
the above bounded property (i) and Assumption (A2), we have 
li” SUP IX(ti) - X(tj)l < 2B . M(C) jCP(S) ds, 
T 
where B = sup{ Ix(t)(* : u-r<t<c}. Letting r--tc ’ in this inequality, we 
get limi,j Ix(ti) - x(tj)l = 0 and thus lim,,, x(t) exists, since X is complete. 
6. EXAMPLE 
The following proposition is an application of the corollaries of Section 4. 
PROPOSITION 6.1. Suppose that, for u < s < t, 
where q E L,!,, on J. 
(i) Let rn > 1 and Assumptions (Al)-(A4) and (B) be satisfied. If the 
functions p and q satisfy 
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and (4 lim wf+m Sf, 4(u) du < 03 
(b) i: P(S) w((m - 1) k, q(u) du) ds < 00, 
then there exists an open ball U’, of r, centered at 0, such that for qp E UI,, 
for any solution x(t) of (1.1) on [CJ - r, co), 
on J for some constant C. 
(ii) Let m = 1, Assumptions (Al)-(A4) and (B) be satisfied, and x(t) 
be any solution of (1.1). If the functions p and q satisfy 
liy+;up I’ (P(S) + q(s)) ds < 00, 
0 
then there is a constant C such that 
I-W < C lld exp (6 (P(S) + q(s)) d() 
on J. 
Proof: Parts (i) and (ii) follow from Corollary 4.3 and 4.4 respectively, 
in which the functions h and k on [a - r, c) are taken by 
h(t)=exp (JIq(s)ds); k(t)= [h(t)]-‘7 
for tE [u-r, co). 
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